Summary. It is demonstrated that the periods of linear adiabatic radial pulsation of any stably stratified star with given mass M and radius R, and constant adiabatic exponent 7, are bounded above by the period of the fundamental radial mode of the adiabatically stratified model. Thus when 7 = 5/3, the greatest period is that of the polytrope of index 1.5. If M and R have the solar values, that period is 101.5 min. Our analysis does not generalize to the case when 7 is permitted to vary in a realistic way, but we argue that in that case the period of the adiabatically stratified model is likely to be a good estimate of the upper bound. This period depends weakly on composition, its greatest value being 101.9 min when the heavy-element abundance is taken to be 2 per cent.
Introduction
The existence of the 160-min oscillation of the Sun now seems to be established (e.g. Scherrer et al 1980; Grec, Fossat & Pomerantz 1980; Kotov et al 1982; Scherrer & Wilcox 1982) . However, its nature is still in doubt. The most natural suggestion, perhaps, is that it is essentially a linear eigenmode, an hypothesis that is consistent with the observed low surface amplitude. If so, that mode is likely to be a £ mode of low degree, which raises the question of why only that one of the many g modes appears to be preferentially excited.
An alternative suggestion, put forward for its apparent simplicity, is that the 160-min oscillation is the fundamental radial pulsation (e.g. Severny, Kotov & Tsap 1976; Brookes, Isaak & van der Raay 1976; Isaak 1976 Isaak , 1978 Brookes et al 1978) . It should not be surprising if the gravest mode were excited preferentially, for that is the case in many other pulsating stars. There would then be no difficulty in explaining why no other mode with a similar period has been observed with comparable amplitude. Of course this idea is contradicted by modern computations of solar structure, which predict for that mode a period of about one hour (Christensen-Dalsgaard & Gough 1976; Iben & Mahaffy 1976) . However, those computations are challenged by Davis' neutrino experiments (e.g. Bahcall & Davis 1976 ) and may not be correct. And although standard solar models yield fiveminute oscillation eigenfrequencies roughly in accord with observation (Berthomieu et al 1980; Lubow, Rhodes & Ulrich 1980; Christensen-Dalsgaard & Gough 1981) it has not been demonstrated that no other model can do so too. That the fundamental radial pulsation period can be as long as 160 min does not obviously conflict with physical principles. Therefore the idea deserves further examination.
It was shown by Ritter (1879) that the fundamental radial mode of a self-gravitating sphere of uniform equilibrium density, with mass AT and radius 7?, has period r * 3 i 1/2 n = 27r , (U) L(37-4)GAfJ provided the adiabatic exponent 7 = (8 lnp/8 lnp) ad is constant, where p is pressure, p density and the partial derivative is taken at constant specific entropy; G is the gravitational constant. Setting 7 = 5/3 and giving M and R the solar values yields a period of 167 min, which is close to the period observed. Thus Severny et al (1976) and Brookes et al (1976) were led to entertain the hypothesis that the Sun's density is nearly uniform.
It is evident that such an hypothesis is untenable. The central temperature of an isopycnic solar model is no greater than about lxl0 7 K, and with currently accepted nuclear reaction rates the energy generation rate could not exceed about 3 x lO -4 of the present solar luminosity. (The properties of the polytrope of index 0.13934, which has a fundamental radial oscillation period of 160.01min if 7 = 5/3, are similar.) But most compelling is the fact that the equilibrium configuration would be unstable to convection, as indeed Severny et al acknowledged, and would evolve to a substantially different state in a matter of hours. However, the near coincidence with 160 min of the fundamental radial pulsation period of the isopycnic model does not imply that a solar model with a period of 160 min for its fundamental mode must necessarily have nearly uniform density. The question we address in this paper is whether any model of the Sun exists which has a 160-min radial mode and which is stable. To be acceptable, the model must satisfy certain conditions. It is known that to a high degree of accuracy the Sun is in hydrostatic balance, for were it not it would adjust dynamically on a time-scale of hours. Moreover, except in a shell beneath the photosphere some 1000 km thick, and possibly in other thin boundary layers at the edges of convection zones, the temperature gradient can exceed the adiabatic value by only a very small margin, because the thermal capacity of the gas is very high. Thus as an idealized problem we are first led to seek an upper bound to the periods of all hydrostatic stellar models with the solar mass and radius that nowhere violate the criterion for convective instability, and to ask whether that bound is as great as 160 min. Subsequently we shall estimate the effect on the periods of superadiabatic boundary layers. We apply no thermal constraints, partly because the degree to which the Sun is in thermal balance is uncertain, and partly because the values of opacities and nuclear reaction rates are in some doubt.
For simplicity we first restrict attention to models with constant 7, and assume that pressure and density vanish at the surface. The relevance of our results to the Sun will be discussed in the last two sections.
Before embarking on the investigation we shall anticipate the result. The stratification can Radial pulsation of the Sun 167 be defined by the quantity d\np r--(1.2) dlnp When P is constant, the equilibrium model is a polytrope of index « =(r -l)" 1 . We know that at fixed 7 the frequency co of the fundamental radial mode of a polytrope increases with« at fixedTkf and R (e.g. Epstein 1950; Ledoux&Walraven 1958; Fitch 1970) .Therefore, since the condition for convective stability 1 1 >0 F 7
(1-3) imposes a lower limit on «, the stable polytrope of longest periods is that with F = 7, for which the stratification is everywhere marginally stable. On the whole, decreasing the central condensation increases the period of radial pulsation. The reasons for this are discussed by Ledoux & Walraven (1958) . In polytropes central condensation decreases when F increases. One would suspect, therefore, that the marginally stable model, which has the largest permitted F everywhere, has a longer pulsation period than not only all polytropes of lower F but also any other hydrostatic stellar model with the same mass and radius. What is demonstrated below is that this is indeed the case at least when 7 is constant. And when 7 = 5/3, the maximum pulsation period is about 101.5 min when M and R have the solar values.
A necessary condition for a period-maximizing model
We consider first all stellar models in hydrostatic equilibrium with mass M and radius R, and for which 7 is constant. For such models the square of the frequency a? of any adiabatic radial pulsation with displacement amplitude br{r) is given by the integral expression (e.g. Ledoux & Walraven 1958) co 2 _ Í J 0 [7pr 4 (d%/dr) 2 -(3 7 -4)r 3 (dp/dr) £ 2 ] dr f J 0 (2.1)
where % = 8r/r; p and p are the pressure and density of the equilibrium model and are presumed to satisfy the equations dp Gmp For the purposes of determining 00, the equilibrium model would be adequately specified by equations (2.2), (2.3) and the conditions (2.4) once p(r) is specified. Thus we seek to minimize co 2 amongst all acceptable density distributions p(r) satisfying p(R)=0. To be acceptable p must be such that condition (2.5) is satisfied; notice that together with the surface boundary condition this implies p> 0. We shall demand also that p be continuous, which physically is quite reasonable, though we shall permit a finite number of discontinuities in dp/dr. Clearly, the functions p must also satisfy
For the model with longest period one would expect co 2 to he stationary with respect to all infinitesimal variations Sp in the equilibrium density distribution that do not cause the constraints to be violated. We first ignore the constraint (2.5) and note that the integral expression (2.1) is already stationary with respect to any regular variation in £ for a fixed equilibrium model. Consequently the variations in £ that are produced by changes in the equilibrium model do not affect co 2 to leading order, and the resulting first-order variation in co 2 is given by
where /=i pr 4 % 2 dr (2.12) Jo and ôp is the variation in p consequent on the variation Ôp. Since the new pressure and density distribution after variation must also satisfy (2.2)-(2.4), these equations may be used to express ô co 2 in terms of 6p alone. After linearizing the hydrostatic equations in the variations and integrating by parts in (2.11), one readily obtains j 0 which results from condition (2.10). This restriction may be incorporated into (2.13) by introducing a Lagrange multiplier a. The condition for co 2 to be stationary is then
The foregoing analysis leads us to conclude that any period-maximizing model that does not violate (2.5) is likely to have the following property: that the interval [0,AE] can be divided into subintervals in each of which either F = 7 or 0<F<7, and that where 0<r<7, since the constraint (2.5) places no direct restriction on ôp, the condition r~2W = OL is satisfied. After differentiating that condition twice one finds, with the help of (2.3) and (2.6), that
where F is defined by
The derivation of the period-maximization property presented here clearly lacks rigour Nevertheless the result is correct, and is shown in Appendix A to follow from a general theorem in optimization theory.
Analysis of the necessary condition
We now demonstrate that the period-maximizing model satisfies F = 7 everywhere, at least when 7 = 7 > 4/3. We begin by showing that F = 7 in a neighbourhood of r =AE, and that in that neighbourhood F >0. We then show that in any model obtained by integrating F = 7 inwards from the surface, F cannot vanish anywhere. Since F is continuous, and in the period-maximizing model F = 0 when F ^ 7, it follows that F must be zero at any interior boundary of a region with F = 7. Consequently there is no interior boundary to the region with F = 7. To show that F = 7 in a neighbourhood of the surface we assume that it is not the case and derive a contradiction. Thus we assume there is a point r = ri in any neighbourhood oí r=R at which F ^ 7. Since dp/dr has only a finite number of discontinuities, there must be a finite interval of r extending to r =AE, say (>o>AE), in whichdp/dr is continuous. Since dp/dr is continuous everywhere, it follows that F is continuous in (r 0 ,R). In particular, when F is continuous at r = r l , and by (2.17) we deduce that F(r) = 0 in a neighbourhood of r x . It is evident from equation (2.18) and the boundary condition (2.9) that F may be written
where F is such that ir 2 (AE)FCR) = 7~2(8 + 7 + 2a 2 )(a 2 -37 + 4) 2 + 27 -1 (37 -4 + 5 a 2 )
x (a 2 -37+ 4)+ 3(37-4 +4a 2 ), (3.2) and a is a dimensionless frequency defined by
It is a consequence of the stability criterion (2.5) that F>0, and it has been shown by Simon (1956) that under this condition a 2 >37 -4. Thus provided 7>4/3, F(R)>0.
Furthermore, with the help of equation (2.6) it can be shown that
4) dr
where ai,a 2 and a 3 are bounded in r> 0. Thus is bounded, and consequently p0 2 -> 0 in a neighbourhood of r x as r x^ R. Hence F(R) =F(R)> 0, and by continuity of Fit follows that F{r) > 0 in a neighbourhood of r=R. This contradicts the conclusion that F = 0 in a neighbourhood of r = r l . Consequently, in the period-maximizing model F =7 in an interval (r c ,F) of r with 0 < r c <F.
To complete the proof only convective envelopes, satisfying the polytropic relation F = 7, need be considered. In such envelopes
where F is a positive constant and « = (7 -1) _1 is the poly tropic index.
Given 7 and 7, the function F is completely specified by the two parameters K and a 2 .
We now show that for all F> 0 and all interesting values of a 2 , F cannot vanish. This we do simply by integrating the Lane-Emden equations and equation (2.6) inwards from r=R using the boundary conditions (2.4), (2.9) and £(F) ~ 1, an d evaluating F.
In any complete stellar model with a polytropic envelope, the adiabatic constant K would be determined by the structure of the possibly non-polytropic interior. We shall not restrict the structure of any such interior, except for insisting that it is not convectively unstable. In particular dp/dr<0 when r > 0, and since m = 0 atr = 0 it follows from (2.19) that U(r) < 3 if r>0. Hence, if in an inward integration through the polytropic envelope a point /* m is reached at which t/ = 3, it is evident that the integration has already proceeded too far for the solution in r > r m to be the envlope of a complete stellar model. If such a point is not reached, we set = 0. Thus it is quite adequate to consider all positive values of AT, but to restrict attention to r > r m .
The lowest value of o 2 is evidently bounded above by o\(y,ri), the eigenvalue for the complete polytrope of index n. Moreover, it is bounded below by 37 -4 (Simon 1956). Therefore when considering the behaviour of F, only values of a 2 that lie between these bounds are of interest. For 10 _4 <Af<l we have evaluated F(r) numerically using a sixth-order accuracy predictor-corrector method. The results are summarized in Fig. 1 , which is a contour diagram of F mirv (o 2 ,K) plotted for 7 = 1 + n~x = 5/3, where is the least value of F for r m <r<R. The results for other values of 7 are similar. In particular, we have demonstrated that when 4/3 <y =y <2, F > 0 in the domain of (a 2 , K) included in the figure. For very large and very small K we have performed asymptotic expansions, and verified that the trends evident in Fig. 1 are maintained. The results of those expansions are summarized in Appendix B.
Thus we have shown that F can never vanish in any stellar model with F = 7 throughout, or in any convective envelope (satisfying F = 7) that is part of a complete stellar model at least when 0 < 37 -4 < a 2 < a 2 and 7 <2. This proves that, in the range of 7 we have considered, the fully convective model, with F =7 throughout, has the greatest possible radial pulsation period compatible with the constraints of hydrostatic equilibrium and convective stability. 4 An estimate of the greatest period when the adiabatic exponent varies In real stars 7 is not constant. It is a straightforward matter to incorporate variations of 7 into the analysis presented above; but in that case it is clear that gradients of 7, if they were sufficiently high, could dominate the generalization of F and change its sign. We have carried out the calculation using a realistic equation of state, and have found that indeed adiabatically stratified envelopes do exist in which F can vanish when o is less than the frequency o c of the complete adiabatically stratified stellar model with the same composition. That does not imply that o can be less than a c ; it simply means that our method of demonstrating that o c is a lower bound has broken down. Had the dependence of 7 on p and p been gentler the method would have worked, and the period-maximizing model would have been given by F = 7(p, p) throughout.
Given an equation of state, it would be possible to extend the analysis to find the greatest lower bound to o. In particular, it can be shown by a method similar to that presented in the previous section that the period-maximizing model must be adiabatically stratified in a neighbourhood of the centre. So one might consider integrating outwards in much the same way as we integrated inwards from the surface, in the hope of showing that F cannot vanish. However, one can show in that case that except for particular values of a, F must change sign somewhere. Therefore one must actually carry out the optimization procedure, permitting the possibility of convectively stable regions determined by F = 0. That calculation would be expensive in computer time, and we have not attempted it. Instead we argue that for any realistic equation of state the minimum frequency is not very different from a c .
It is useful to consider first how the frequency of the fundamental radial mode depends on 7 and F. It follows immediately from the variational formula (2.1) that whatever the stratification of the equilibrium model, o increases with 7. This is so because the adiabatic sound speed c is an increasing function of 7. Moreover, for polytropes, which have F independent of /*, frequency increases as F decreases (e.g. Epstein 1950; Ledoux & Walraven 1958; Fitch 1970) . As discussed by Epstein (1950) and Ledoux & Walraven (1958) , this is brought about by the increasing central condensation of the equilibrium model as F is decreased. As can be inferred from Table 1 , for polytropic models with F = 7the dependence of the frequency on sound speed is the stronger.
To show how the eigenfunctions are concentrated we make the following transformation: 2 is bounded, but that w" 1 w becomes large and positive near r = 0, and near r =R when r(AE)<3. Consequently the mode is in some sense evanescent near the centre of the star, and when r(i?) < 3 it is evanescent near the surface too. The regularity conditions on ^ imply that i// = 0 at r = 0 and air =R. Consequently there must be a region in the star where Í2 2 > 0; for polytropes there is only one such region, and we define ri and r 2 to be its extremities. Moreover, \p is small in the evanescent regions, and therefore the detailed structure of these regions should have little influence on the values of the periods. Naturally there is some tendency for periods of acoustic modes to increase as the sound travel time r 2 -Ti across the oscillatory region increases, and indeed for modes of high order the periods are proportional to r 2 -Ti. However, since the scale of variation of Í2 2 is comparable with that of the fundamental eigenfunction, the actual dependence of the period of the fundamental mode on the structure of the star cannot be stated simply. This is evident from the periods of the adiabatically stratified polytropes listed in Table 1 . In view of the greater sensitivity of a to 7 than to F in polytropes, one might be tempted to conjecture that in stellar models constructed with more realistic equations of state, o would be least in a model with an extended, almost isothermal, partially ionized envelope in which y is low. To test this we constructed two stellar models defined by F(jc) = 4/3 + f(x) and F(x) = 5/3-/(x), where x=r/R and f(x) = x 2 -2x 3 /3. In the first model F increases smoothly from 4/3 to 5/3 from centre to surface, and in the second it decreases from 5/3 to 4/3; in both cases TQ/i) = 3/2. The periods of the fundamental modes for 7 = 5/3 and 7 = F are listed in Table 2 , together with the corresponding periods of the n = 3/2 and n = 3 polytropes. The competing influences of sound speed and central condensation are in the same senses as for polytropes. But it is evident that when 7 and F are decreased in the outer parts of the star, o actually increases. The reason appears to be that much of the decrease in 7 takes place in the evanescent region r> r 2 which, because F is low, extends deep into the star. Thus the influence of the change in 7 is weakened, since the eigenmode is insensitive to conditions in evanescent regions. On the other hand, any local variation in F affects the structure of the entire star when Af and i? are fixed, and the eigenfrequency responds accordingly. Similar behaviour is exhibited alsö in models with F = 7 constructed with a realistic equation of state: except for those that are composed almost entirely of helium (whose regions of low 7 are deep), the models have higher frequencies than that of the polytrope with F = 7 = 5/3. We are now in a position to estimate an upper bound to the periods of radial pulsation of the Sun. This result must, of course, depend on the abundances X, Y and Z of hydrogen, helium and heavy elements, for they determine the equation of state. First we note that the bounding frequency must be at least as low as o c , the frequency for the model with F = 7, and for that frequency most of the material with low 7 lies above r 2 . One would expect this to be true also of any model with even lower frequency, and that therefore o would not be increased substantially if the low values of 7 were artificially increased. 4/3+fix) 4/3+fix) 5/3 -fix) 5/3 -fix) 4/3 Notes The parameter A is the ratio of the central density to the mean density, and is a measure of the central condensation. All models save the last satisfy p = 0, p = 0 at x = r/R = 1. fix) -x 2 -2x 3 /3. The last model is adiabatically stratified, and was constructed with the equation of state of Eggleton, Faulkner & Flannery (1973) , which determines the adiabatic exponent 7e(P> P)* The model has composition X = 0.73, Y = 0.25 and satisfies the boundary conditions at x = 1 that the temperature T e = 5770 K and that the pressure is such as to support an hydrostatic isothermal atmosphere at a temperature T e with the same composition as the rest of the star. The quantities x x and r 2 , x 2 are the values of r and x at the inner and outer turning points, defined by fi 2 =0. All acoustical times are computed for the solar mass and radius.
Indeed, if y is changed to y* in just the outer 5 per cent by radius of the polytrope with P = 7 = 5/3 , the variational derivative of In o at fixed F is quite small: Now imagine the period-maximizing model ^ to have been found. Let y min be the least value of 7 in 0 < r < 0.95Ä, say. It is evident that if y were replaced by 7 m i n in0 < r < 0.95 jR the frequency o of the fundamental radial mode would be reduced, and if 7 were replaced by Tmin in 0.95R <r<R, a would hardly be changed. We can now decrease o still further by replacing the equilibrium model with the period-maximizing model for the new 7. This is essentially the problem we solved in the earlier sections, except that now in order to permit the new structure to come against the stability constraint imposed in we weaken that constraint by setting 7 = Tmax = m ax(7; 0 < 0.95AE) in (2.5). We have carried through the computation for such cases, and have shown that for 7 = 5/3 and 7 min = 1.4, 1.5, 1.55, 1.6, 1.65 and, of course, 5/3, F does not vanish. Thus the fundamental radial pulsation period of the polytrope with F = 7 max and 7 = 7 min should be no less than that of The estimate can be tightened somewhat. We recall the remark at the beginning of this section that if 7 varies slowly the method of the previous section still works, and the periodmaximizing model has F =7. Granted that we can smooth 7 in the outer evanescent region t>t 2 without substantially modifying the period, and that 7 varies slowly when r<r 2 , we propose that the least upper bound to the period of the fundamental radial mode is approximated well by the period of the model with F = 7 throughout. Taking a sequence of chemically homogeneous models with heavy-element abundance Z = 0.02, and using the equation of state of Eggleton, Faulkner & Flannery (1973) not violate the convective stability criterion, they are none the less at variance with current physics of stellar interiors. In particular, the energy generation rate is always too low to supply the observed luminosity Z/©, being at most 3.1 x 10 _3 Z @ , when X = \ -Z.
Finally we remark that it is likely that the period of the fundamental radial mode is greater than the periods of all other 7? modes. It can be shown by the method that Grisvard, Souffrin & Zerner (1972) used to study convective instability that if the perturbation to the gravitational potential is ignored, frequency increases as the order n and degree / of the modes increase. Moreover, the influence of the gravitational potential, which reduces the frequency, tends to decrease as / and « increase, because of greater cancellation of the field as the spatial scale of the density perturbation decreases. Thus it seems that including the perturbations to the gravitational potential should steepen the rise of frequency with / and n\ and consequently the fundamental radial mode should have the lowest frequency of all p modes.
Discussion
We have shown that of all stable stellar models of given mass Tkf and radius jR with vanishing surface pressure and density and with constant adiabatic exponent 7, the model with the greatest period of radial adiabatic pulsation is adiabatically stratified throughout. We have argued further that if 7 is considered to vary in a realistic way, the adiabatically stratified model provides a good approximation to the bounding period for the Sun. The argument implicitly assumed that the other idealizations in the models have little influence on the fundamental period. We now indicate why this should be so.
The polytropic models were all integrated out to where p and p vanish, which is not realistic. Such a crude treatment of the atmosphere introduces negligible error into the fundamental eigenfrequency, but it does cause the radius of the photosphere to be underestimated. Consequently the periods are underestimated, by about 0.1 per cent. This remark does not apply to the adiabatically stratified models with a realistic equation of state, for they were constructed with photospheric boundary conditions that approximate conditions in the Sun.
A second source of error arises from the possibility that in practice the stability criterion (1.3) can be violated. One can easily estimate that in the Sun the amount by which F might exceed 7 is very small, except near the surface. In a typical solar model (T -7)/F £ 1CT 4 when ^<0.95^ (e.g. Gough & Weiss 1976); this permits a relative increase in the maximum period by no more than about 1.4 x lO -4 . The greater variation in F that can take place near the surface has little direct influence on the oscillation, because it occurs in the outer evanescent zone. The principal change arises from the modification that is imposed on the interior. Since the outer layers contain very little mass, a local increase in F alone would hardly be detected in the core. However, it would reduce the radius somewhat, so it would then be necessary to rescale the entire model. The result would be to increase the period. Some idea of the magnitude of this change can be acquired from the variational derivative of o at fixed 7 with respect to a change of F to F * in the outer 5 per cent by radius of a polytrope with F = 7 = 5/3 : bo o = -0.13-, 5F* F* (5.1) when the mass and radius of the equilibrium model are held fixed. The magnitude of this derivative is roughly proportional to the depth of the layer in which F is considered to vary. If the usual mixing-length estimates of the degree of superadiabaticity are correct, /. Christensen-Dalsgaard, A. J. Cooper and D. O. Gough violation of the stability constraint should increase the period by less than 0.1 per cent. Notice that although this argument could be applied also to other late-type main-sequence stars, it does not apply to red giants, which sometimes have substantial superadiabatic regions in their envelopes. The assumption that the pulsations are adiabatic and the neglect of the Reynolds stresses provided by convection have negligible influence on the period. The non-adiabatic fundamental radial mode of a standard solar model, with convective fluxes computed in the manner described by Baker & Gough (1979) , has a period that exceeds the adiabatic period by only 3 parts in 10 7 . A period-maximizing model is likely to behave similarly.
We must also assess the importance of the neglected forces due to rotation and magnetic fields. How these affect the dynamics of pulsation is discussed, for example, by Ledoux & Walraven (1958) . It must be borne in mind that it is necessary to include the forces not only in the dynamics of the pulsation but also in the equilibrium model. Both rotation and magnetic fields contribute positively to the restoring force, but the modification they make to the equilibrium structure can be greater and in the opposite sense. Thus their presence can cause the pulsation period to increase. Making reliable estimates of even the sign of the changes to the maximum period is difficult, because the maximal equilibrium structure is modified not only by the details of the distributions of angular velocity and magnetic field, but also by their influence on the stability criterion. However, it is possible to estimate the magnitude of the changes.
Cowling & Newing (1949) estimated that for a uniformly rotating polytrope of index 3/2 there is a relative increase in the pulsation period of the fundamental radial mode of about 10(i2/a;) 2 , which is roughly 26 times the oblateness of the gravitational equipotentials at the surface. If CL takes the value observed in the solar photosphere, this increase is about 8 x 10" 5 . One might expect magnetic fields to increase the period too, since in a radial pulsation frozen fields tend to react as though they had an adiabatic exponent of only 4/3. The relative change to the period is roughly the ratio of the total energy in the magnetic field to the gravitational potential energy. If one considers, for example, a mean field of 3000 G, which is typical of sunspots, this ratio is about 10" 10 . The effects of non-linearities are also small. It is generally the case that the periods of radial stellar pulsations increase with amplitude. For example, Bhatnagar & Kothari (1944) showed that for the isopycnic model the period of the radial mode with SR/R = e at maximum expansion is (1 + e) 3 (1 + 2e)" 3/2 of the linear period. This implies a relative increase of 1.5 e 2 when e is small. Hence, a mode of period 100 min and velocity amplitude 1 ms" 1 , for example, suffers a relative period rise of 3 x 10" 12 .
We conclude that any radial oscillation of the Sun cannot have a period substantially greater than the fundamental adiabatic linear radial pulsation period of an adiabatically stratified stellar model with the solar mass and radius. That period depends weakly on composition, and when Z = 0.02 it is bounded above by 102 min. Therefore the 160-min solar oscillation cannot be radial.
The two equations (A7) are Radial pulsation of the Sun
